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A hierarchical approach is presented for rationally
parameterizing complex molecular models of guest
species in microporous materials. The large number of
microscopic processes (e.g. adsorption, desorption, site-
to-site migration), and intrinsic complexity of potential
energy surfaces characterizing these systems, demands
simultaneous optimization to multiple sets of experi-
mental data to ensure model predictive capabilities. The
first step of the approach capitalizes on the compu-
tational efficiency of mean field models to initially
identify sensitive parameters and narrow the window of
parameter space. Surface response techniques are
subsequently employed in this window for rational
optimization of the computationally intensive molecular
models. The hierarchical approach is developed in light
of both enthalpic and entropic constraints to ensure
consistency of multiple microscopic processes. We
illustrate this approach using a lattice kinetic Monte-
Carlo description of benzene in NaX zeolite. Through
application of simulated annealing techniques, the
hierarchical framework is capable of optimizing the
model parameters simultaneously to disparate sets of
experimental data (e.g. adsorption isotherms and PFG-
NMR self-diffusivity). Finally, application to other
atomistic models is also discussed.

Keywords: Zeolites; Molecular modeling; Parameterization;
Adsorption; Desorption; Molecule migration

INTRODUCTION

The field of zeolite science spans a wide range of
both catalytic and non-catalytic applications, such as
hydrocarbon cracking, shape-selective catalysis,
pressure swing adsorption and zeolite membranes
for high-resolution gas separation. Molecular mode-
ling has emerged as a powerful tool, providing deep
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fundamental insight into equilibrium and non-
equilibrium dynamics of molecules within these
complex microporous materials. Harnessing this
fundamental insight provides unprecedented oppor-
tunities to optimize existing processes, rationally
direct experimental studies, speed the development
of emerging technologies (e.g. coupled reaction and
separation technologies), and ultimately push the
frontiers of discovery towards currently unrealized
materials, processes and applications.

An array of molecular modeling approaches has
been employed to study these systems over a range
of length and time scales. Among the most
fundamental techniques is that of molecular
dynamics (MD) simulations. This approach provides
exact solutions to a given model, but is limited to
time scales on the order of nanoseconds and length
scales of nanometers [1-4]. Atomistic grand canoni-
cal Monte-Carlo (GCMC) simulations [5,6] have also
been explored, where advances in configurationally
biased algorithms [5,7,8] have allowed for investi-
gation of complex molecular systems. Coarse-
graining, leading to improvement in computational
efficiency, is often achieved through lattice dynamic
Monte-Carlo (DMC) or kinetic Monte-Carlo (KMC)
simulations [9-17] employed for systems where the
binding energy is relatively high compared to the
thermal energy and, thus, transitions from one site to
another are “rare” events compared to the
vibrational time scales.

Most technologies of microporous materials
involve many simultaneous microscopic mechan-
isms (e.g. adsorption, desorption, migration, reac-
tion, etc.) of molecular species. Current molecular
modeling, however, often focuses on subsets of these
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mechanisms. In particular, modeling of adsorption
isotherms via GCMC is typically performed inde-
pendently of studies on equilibrium diffusion (i.e.
self-diffusivity). Ultimately, there is a need for self-
consistent molecular simulations describing multiple
microscopic mechanisms. To this end, the develop-
ment of appropriate potential energy surfaces (PES)
and application of atomistic or coarse-grained
molecular models for predicting both equilibrium
and non-equilibrium properties demands appro-
priate parameterization of PES and/or transition
probabilities to ensure the predictive capabilities of
these models. Current state of the art for such
parameterization employs a tedious, manual para-
meter adjustment to fit crystallographic and equili-
brium data. In the case where such ad-hoc
parameterization is even feasible, the resulting
models risk being ill-parameterized and limited to
local agreement with fitted data rather than being
able to capture system responses over a wide range
of conditions (i.e. temperature, pressure, loading).
In order to overcome this problem, a rational
approach for parallel parameterization against
multiple types and sets of data with minimum
computational cost is required.

Here we propose a rational, hierarchical methodo-
logy introduced in Ref. [18] for extraction of
molecular model parameters from multiple experi-
mental measurements. Our methodology employs
mean field (MF) models for rapid exploration of
parameter space that guides surface response
techniques for parameterization of the computation-
ally intensive molecular models. As a result of the
large number of optimizable parameters available in
multiple mechanisms of complex systems, a chal-
lenge is to ensure the self-consistency of the resulting
molecular model. In this work, we explore this
notion of thermodynamic consistency and illustrate
the capabilities of this powerful hierarchical tech-
nique by parameterizing a lattice model describing
adsorption, desorption and diffusion of benzene in
NaX zeolite based upon both adsorption isotherm
and PFG-NMR self-diffusivity data.

MODEL SYSTEM: BENZENE IN NAX ZEOLITE

Here we consider the system of benzene in NaX
zeolite, a system modeled extensively by Auerbach
and co-workers [11]. Although a single-component
system, the energetics of benzene in the NaX zeolite
topology make it an interesting example to illustrate
the capabilities of the proposed hierarchical para-
meterization approach. Neutron and X-ray diffrac-
tion studies of this and other similar systems (i.e.
benzene in NaY zeolite) have identified predominant
binding sites [19-21]. Similar to the NaY zeolite
system, benzene is found to bind strongly in a facially

coordinated orientation above four Na cations within
the NaX supercage structure (Sy sites). Benzene is
also believed to bind more weakly in four doubly-
shared low-symmetry sites near Na(IIl') cations that
lie within the 12-ring windows (W sites) joining
adjacent NaX supercages. As a result, the average
number of binding sites per supercage is six, yet
experimental evidence suggests a saturation loading
of only approximately 5.4 molecules/supercage [22].

Extensive modeling work has focused on investi-
gating self-diffusivity of benzene within this system
[11]. Based on the rare-event diffusion of benzene
between distinct binding sites (i.e. W and Sy),
Auerbach and co-workers have proposed a lattice
model as a coarse-grained representation of the bin-
ding sites accessed by benzene. This lattice frame-
work, depicted in Fig. 1, consists of supercages,
tetrahedrally connected via the W sites. In addition,
the four Sy; sites are tetrahedrally arranged within the
supercage.

The disparate energetics of benzene within this
dual-site system results in a number of distinct
microprocesses characterizing adsorption, desorp-
tion and diffusion pathways. These include
benzene adsorption to and desorption from both Sy
and W sites, and three reversible site-to-site
diffusion pathways of benzene among both like
sites (e.g. W=W and Sp=Sy) and dissimilar sites
(e.g. W=5yy). It is helpful to cast all mechanisms as
a series of elementary chemical reactions, as shown
in columns 2 and 3 of Tablel. Each of these
microprocesses is associated with a characteristic
transition probability per time, I'. A tabulation of the
number of parameters available for optimization
yields 8 pre-factors (e.g. rate constants for adsorption
to site i(I')y, ), desorption pre-exponentials (I'. ),
and site-to-site (i — j) migration pre—exponentiéls
(I’?nig’i]-)) and 9 energetic parameters (e.g. site-specific
zero-coverage heats of adsorption (£?), zero-cover-
age activation energies of site-to-site (i — j)
migration (Egi]-), and adsorbate—adsorbate inter-
molecular forces (J;;)). Note that in experimental
systems, adsorption and desorption entails only

FIGURE 1 Lattice model of weak (W, window) and strong
(Su, intracage) binding sites for benzene in NaX zeolite. (Colour
version available online.)
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T8 | g surface sites rather than bulk-like sites. As a result,
(] oy o . . .
f 5 e here it is just the ratio of adsorption and desorption
T g §‘§ constants, i.e. the equilibrium constants, which are
SO g & obtained. We return again to this point below. The
N fact that 17 possible parameters exist for optimi-
Z %’“g zation in this system of single component adsorp-
ST I E tion, desorption and diffusion, emphasizes the need
X x|V g for a rational approach for parameterizing complex
2 8|33 molecular models.
28
=0
£%
= 2
QS ®
SE
£ < |3 Z EXPERIMENTAL DATA FOR MODEL TRAINING
= = S0
g o | S
E § g? Simultaneous parameterization of all adsorption,
s 5|22 desorption and diffusion microprocesses is essential
o~ — = o1 . . . .
St for equilibrium as well as gradient simulations (e.g.
Eg uptake in zeolite particles and permeation through
R NE g membranes), where the system dynamics are
LD o~ W |&f affected not only by the intrazeolite migration but
g8 L X ‘ég also by adsorption and desorption at the gas—solid
s % 3| interface. The approach that we adopt in this work is
— N N . . .
S 8 S8 E g to train the molecular models with experimental data
S = ? 1eles e i
o gb S under equilibrium conditions. Specifically, we
= 2 2 |z:S employ adsorption isotherms and temperature- and
X X x | 28 ) . ..
® = % | oF loading-dependent PFG-NMR self-diffusivity data
s 2 to simultaneously fit sensitive parameters of all
'§ g microprocesses.
~ == =|f¢ Ruthven and Doetsch [23] have studied the
z 2 7 gd_g equilibrium adsorption of benzene in NaX zeolite
o sy with a Si/ Al ratio of 1:2. In that work, they compiled
R I £ multiple adsorption isotherms spanning a substan-
- TT ? z é tial temperature range (i.e. 338-513 K). In addition,
J{g - |5z Germanus et al. [24] performed PFG-NMR self-
s 8 3 ::g % diffusivity measurements of benzene in NaX zeolite
voor s EE of an identical Si/Al ratio. In these studies, they
A o £x determined self-diffusivity as a function of tempera-
2§ 7 §§ ~ ture as well as benzene loading. We employ these
i 7 =|g7§ various sets of equilibrium data for the purpose of
2 F F|EBE training the molecular model.
o & o & T 0 c
TR = | ZEE
foLol|g
F 0z = |BoS
2 Z|R%E
B f £ MEAN FIELD (MF) MODEL DESCRIPTION
-
B %%ES MF models operate upon the assumption of
g2 £ z £ £-  homogeneous spatial distribution of species. They
;; + T |Z£g%  ignoresystem noise and correlations, which can play
i % 7 7; %73 a significant role in system properties especially
A FZ féalg when strong adsorbate—adsorbate forces exist.
o2 I gg g Yet, their deterministic form makes them amenable
2= & & | %27  to rapid numerical solution as opposed to the
Z*jg@ alternative computationally intensive molecular
E £ = i P £ simulations. As a result, they can serve as a powerful
g § ¥ j‘éé; screening tool (lower hierarchical model) for rapid
§E £ % 3 £2  exploration of parameter space when employed in
aos E :::c},‘g optimization. Here, we describe MF models
l? ; UT? ¢ % employed to calculate adsorption isotherms and
¢ 9~ o« |Z=8 self-diffusivity for benzene in NaX zeolite.
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MF adsorption isotherms can be derived for
benzene in NaX zeolite where lateral interactions
between neighboring adsorbates are considered.
As a result of the dual-site (i.e. W and Sy;) nature of
this system, two coupled adsorption isotherms arise.
Here, we derive the adsorption isotherms based
upon kinetics by equating the rates of adsorption
and desorption at equilibrium. The resulting MF
system of equations describing the fractional
benzene coverage on the weak-binding sites (6w)
and the strong-binding sites (6s ) is given by

with the thermodynamically derived one
Ki = exp{B(le}| — TAS), 4

itis clear that the ratio of the adsorption rate constant
to the desorption rate constant captures the entropy
change upon adsorption.

In comparing Egs. (1) and (2), we are reminded of
the inherent assumption in our kinetically derived
adsorption isotherm of gas ideality. It is important to
note, however, that by employing both the Virial [26]
and Peng Robinson equations of state, we have

(ngs,W/Fgesﬁw)P exp{ﬁ[|83v| + 6( ]WWHW + ]W‘Sn 0511)]}

9W_

1+ (T w /T w)P explBlledy | + 6(Jw.w bw + Jw.s, 6,1}

M

(ngs,sn /Fges,Sn)P EXp{B[l 88" | +3( Jsusu sy + Jsuw ow)1}

bs, =

where S is the Boltzmann factor, 8 = (kT) !, T is the
system temperature, P is the system pressure, and 6
is the fractional loading of the binding site of type i.
The factors of 6 and 3 account for the local interaction
coordination of benzene molecules bound to the W
and Sy sites, respectively, according to the PES
proposed by Ref. [25].

Dself( 0) =

(1 = Ow)XTywexp(—BEaww)) + (1 — b5, )(I'ys, exp(—BEaws,)) -
6

B 1+ (ngs,sn/rges‘sn)P exp{,B[lsgnl + 3(]511“,511 0511 + ]SJI,W 0W)]} 7

found negligible non-ideality over the range of
experimental pressures. This suggests that no error
should arise from using pressure instead of chemical
potential.

For benzene in NaX and NaY, Saravanan and
Auerbach [27-29] showed that a MF approximation
of the self-diffusivity can be obtained

A MF isotherm model based upon thermodynamic
arguments can likewise be derived where the bulk
gas pressure is expressed more accurately in terms of
the chemical potential. The isotherm, cast in a form
comparable to Eq. (1), is given by

2[1 + 2(0511/6W)]

®)

by assuming long-range supercage-to-supercage
motion (ag is the mean intercage jump distance),
ignoring fluctuations in the pre-exponentials for
migration, expressing the activation energy in
terms of the Parabolic Jump Model, and averaging

(f(P)/Po) exp{Blledy| — TASw + 6(Jw.wbw + Jw.s bs,)1}

OW_

1+ (f(P)/Po) exp{Blledy] — TASw + 6(Jwwbw + Jw s, 05,1}

2

(f(P)/Po)expiBlled | — TASs, + 3(Jsy 5,05 4 Jsyw 6w)l}

0511 =

where we have assumed the ideal bulk gas to
be the standard state, f(P) is the fugacity of
benzene in the gas phase, Py is the standard
state pressure, and AS; is the change in entropy
of adsorption from the bulk gas to the site of
type i.

By comparing the kinetically derived Henry’s
constant

Ki = (ngs,i/rges,i) exp(,Bls?l) (3)

1+ (f(P)/Po)expi{Bllel | — TASs; + 3(Jsy.sy 055 + Jsuw )]}’

over fluctuations in the activation energies for
migration.

GRAND CANONICAL AND CANONICAL
ENSEMBLE SIMULATIONS

The MF assumption tends to break down for systems
where strong adsorbate—adsorbate forces exist. As a
result, we have developed a general molecular
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modeling toolbox to stochastically simulate such
systems. First, a three-dimensional structure-build-
ing algorithm capable of generating general zeolite
lattices was constructed. Given (1) the coordinates
and energetic characteristics of binding sites in a
periodic building unit (PBU), (2) pathways for site-
to-site migration, and (3) an adsorbate—adsorbate
PES, the algorithm constructs computational lattices
of arbitrary size and orientation to study equilibrium
and dynamics. The flexible lattice-building algo-
rithm is capable of studying systems of finite
thickness (e.g. membranes) in addition to infinite
domains employing periodic boundary conditions.
Finite thickness systems can be modeled via either
Dirichlet or Robyn boundary conditions. In the
former, the boundary loadings are enforced accor-
ding to the partial equilibrium assumption. In the
latter, the system boundaries participate in adsorp-
tion and desorption with the fluid phase and
migration with the zeolitic nearest neighboring
sites (but not with the fluid).

We have developed a general Monte-Carlo
algorithm that is capable of simulating multiple
microprocesses (e.g. adsorption, desorption, diffu-
sion, reaction) within the lattice constructed by the
lattice-building tool. This Monte-Carlo algorithm
falls into the class of continuous time, DMC or KMC
simulations reviewed in Ref. [30], which enable real-
time tracking of system behavior. The KMC
algorithm generally proceeds by calculating the
total transition probability per time. Subsequently, a
random number is generated and employed to select
a microprocess based on the transition probabilities.
The general algorithm created here employs a tree
structure for improved efficiency in selecting a
microprocess. In particular, the total transition
probability of each PBU is calculated. Initially, a
PBU is selected based upon the PBU transition
probabilities and a random number. Subsequently, a
site within the chosen PBU is selected based upon the
transition probabilities of sites within the PBU.
Finally, a microprocess involving this site is
randomly chosen. After the execution of a Monte-
Carlo event, updates to the local and total
probabilities are completed without screening the
entire lattice, and the average system time is
advanced by the inverse of the total transition
probability per unit time.

With this lattice system, we perform lattice GCMC
and canonical MC simulations in order to predict
adsorption isotherms and self-diffusivity, respec-
tively. In both ensembles, we employ a 3D lattice of
binding sites representing a total of 3° NaX PBUs
(here PBUs consist of four supercages or half of a
standard unit cell), and impose periodic boundary
conditions in the x, y and z directions. Simulations
with all three mechanisms combined are also
presented to illustrate thermodynamic consistency

issues in real systems where these mechanisms
coexist.

Grand Canonical Simulations for Evaluation
of Adsorption Isotherms

In order to simulate adsorption isotherms within the
grand canonical ensemble, we contact the lattice with
a bulk gas at a constant chemical potential, and
consider two microprocesses: adsorption and
desorption. An adsorption (insertion) of a molecule
at a weak (W) and a strong (Sy) binding site within
the periodic domain is allowed with a transition
probability per time given by Egs. (1) and (3) in
Table I, respectively, where w; and s; are the order
parameters (0 or 1) characterizing the weak (W) and
strong (Sp) binding site as empty or occupied,
respectively. Eqgs. (2) and (4) of Table I give the
transition probabilities of desorption of a molecule
from each type of binding site within the zeolite
lattice.

Adsorption isotherms are calculated by natural
parameter continuation in pressure. Specifically, the
pressure of the contacting gas was incrementally
increased, where lattice occupancies at each pressure
increment were initialized from the previous
solution. Following a discarded equilibration stage
of 1 X 10* Monte-Carlo steps (i.e. here a step consists
of n MC events, where n is the number of lattice
points), statistics were collected for 10° Monte-Carlo
steps.

Canonical Ensemble Simulations for Evaluation
of Self-diffusivity

Self-diffusivity was calculated in the canonical
ensemble, where only migration microprocesses
(see Egs. (5)—(8), Table I for transition probabilities)
were sampled in the absence of adsorption and
desorption. The parabolic jump model, extended by
Auerbach and co-workers [11,25,31] to this system
from its original surface science applications by
Hood et al., [32], is employed to account for the effect
of adsorbate—adsorbate interactions on the zero
coverage activation energy, ESI.

Loading dependence of the self-diffusivity was
determined by initially randomly loading the NaX
lattice of binding sites with a specified number of
molecules corresponding to the reported experimen-
tal loadings. The average supercage-to-supercage
distance traversed by diffusing molecules and the
average supercage residence time was monitored for
convergence following [33,34]. Once convergence
was obtained, mean square displacement was
extracted from the Einstein relation based upon a
multiple time-step, multiple time-origin analysis
proposed in Ref. [34], whereby mean square displace-
ment is averaged over all molecules for small time
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windows (i.e. a fraction of the mean supercage
residence time).

METHODOLOGY FOR ASSESSING
THERMODYNAMIC CONSISTENCY OF
PARAMETERS IN ENSEMBLES WITH
MULTIPLE MICROSCOPIC PROCESSES

In most physical systems, different mechanisms
occur simultaneously. For example, during an
uptake experiment, adsorption and desorption
happen at the gas—solid interfaces whereas diffusion
occurs within the bulk. Appropriate parameteriza-
tion of molecular models consisting of a potentially
large number of individual microprocesses within
complex microporous materials demands thermo-
dynamic consistency. Thermodynamic consistency
not only implies that each microprocess separately
obeys microscopic reversibility, but that multiple
microprocesses correspond to an identical under-
lying Hamiltonian.

We illustrate this idea by considering the system
of benzene in NaX zeolite. From Table I, the
equilibrium constants for the reversible adsorp-
tion/desorption steps, as well as the reversible
migration steps, are

Iﬂads.W
B+W — BW

l-‘des.W

Fads.SH
B+Sy =— BSyp

Fdes.SH

Su

i within the lattice, pso+ is the saturation density
(molecules/site), M is the molecular weight of the
adsorbing molecule, and R is the ideal gas constant.
The sticking coefficient is included to capture the
steric hindrance and/or indirect surface diffusion
[35,36] limiting the number of molecular trajectories
resulting in micropore adsorption. As mentioned
above, it is only surface sites that are involved in
adsorption and desorption, but this fact does not
affect the equilibrium constants computed here.

By algebraic manipulation of the equilibrium
constants, we derive the following constraints
governing thermodynamic consistency of this sys-
tem in the limit of zero coverage

(50,5, /50,W)(I" Ses,w/ Fges,ysu)(l)site,w/ Psite.Sy)

_ 10 0
- Fmig.WSn FmigﬁSHW (9)
01 _ 1.0 _— 0 _ 0
|8W| |85H| - Eﬂ,WSn Eﬂ«,SnW' (10)

Given the relationship between pre-exponentials
and entropy change upon adsorption Egs. (3) and (4),
it is clear that the first constraint, Eq. (9), governs
entropic consistency while the second one, Eq. (10),
governs enthalpic consistency of the system.
In simple words, Egs. (9) and (10) imply that one
cannot simply arbitrarily choose the pre-factors and

Kw = 1_‘ads,W/Fdes.W = (BW)/(BW)

Ks, = Iadgs sy /Tdess, = BSm)/(B-Si) 6)

l—‘migAW
BW+Sy =— BSu+W Kws; = I'migws;/I'migs;w = (BSp-W)/(BW-Sp),

Finigsyw

where migration between like sites (W=W and
Si=5n) is not shown since the corresponding
equilibrium constants are simply equal to unity.
From this kinetics approach, it is clear that benzene
adsorption/desorption is coupled to the migration
between the binding sites via the ratio of equilibrium
constants,

KWSII = KSH/ Kw
= (Fads,SII /Fdes,Sn)(Fdes.W/Fads,W)

= rmig,WSn/rmig,SHW. (7)

Here, we employ the kinetic theory of gases to
describe the rate of adsorption of a molecule to site
i= SH or W,

Tadsi = (Psite.ipsat) - (50;PNA)Q@MRT) V2 (8)

where sy ; is the sticking coefficient, N4 is Avogadro’s
number, pse; is the density of the sites of type

activation energies of adsorption, desorption and
migration processes. For example, use of a Langmuir
isotherm that describes experimental data and the
Maxwell-Stefan transport framework trained from
independent molecular modeling could lead to a
fundamentally inconsistent membrane model. We
illustrate the implications of thermodynamic incon-
sistency below.

In general, a rational approach [37] for determin-
ing the number of degrees of freedom in arbitrarily
complex systems is to evaluate the number of
adsorbed species and microscopic processes cast as
reversible reactions, and construct the reaction
matrix of stoichiometric coefficients of the species
in the system of reversible reactions. By evaluating
the rank of this matrix (degrees of freedom), one can
identify the number of linearly independent reac-
tions (or microscopic processes here) and sub-
sequently evaluate the equilibrium constants of the
dependent reactions from the independent ones.
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It is important to note that thermodynamic
consistency is potentially fortuitously achieved for
simple systems consisting of a single guest species on
a lattice of identical binding sites. In such cases, the
migration equilibrium constant is equal to unity (i.e.
entropic and enthalpic changes upon migration in
the zero coverage limit are zero). As a result, by
ensuring thermodynamic consistency of the indivi-
dual microprocesses, a simple task, the overall
system is also thermodynamically consistent.

Implications of Thermodynamic Inconsistency
under Equilibrium Conditions

Figures 2 and 3 show the effect of thermodynamic
inconsistency under equilibrium conditions. We
employ GCMC simulations to calculate adsorption
isotherms in the presence and absence of site-to-site
migration. Since equilibrium is unique, the inclusion
of site-to-site migration in GCMC simulations should
not alter the unique loading distribution of benzene
between the two types of binding sites.

We first consider a thermodynamically consistent
(TC) case in which the diffusion parameters and
energetics are taken from a consistent literature
model [25] satisfying the enthalpic constraint,
Eq. (10). The adsorption model is then parameter-
ized by fitting the pre-exponential of desorption
of benzene from the W site, and calculating
the pre-exponential of desorption from the Sy site
based upon the entropic constraint, Eq. (9). As such,
entropic consistency is also enforced. Figure 2 shows
the poor qualitative agreement of the adsorption

6

Thermodynamically 00 @000 OO @0
b consistent (TC) f P
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FIGURE 2 Illustration of various MF fitted adsorption models in
comparison to an experimental adsorption isotherm of benzene in
NaX at 513K (solid symbols). The thermodynamically consistent
(TC) isotherm obeys both entropic and enthalpic consistency,
whereas the TIC isotherm is entropically inconsistent. A fitted
Langmuir isotherm is also shown. The arrows denote the high
(Phigh) and low (Pjow) pressures corresponding to the loading
distribution analysis in Fig. 3.
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FIGURE 3 Loading distribution in terms of molecules/supercage
between the strong (S;) and weak (W) binding sites corresponding
to the model isotherms presented in Fig. 2. Distributions from
both the high- and low-pressure adsorption branches (Py;z, and
Piow in Fig. 2) for the thermodynamically consistent (TC)
model are shown, whereas loadings at Pj,, are shown for the
thermodynamically inconsistent (TIC) and Langmuir models.
Differences in loading for the same type of site upon including
migration result from thermodynamic inconsistency.

isotherm in comparison to the experimental data of
[23] as a result of independently fitting the
experimental data. While such poor model predic-
tion could be attributed to other reasons, it is our
experience from modeling various systems that this
is typically caused by the unoptimized parameters
rather than fundamental limitations of the model
itself. We illustrate this point below. Figure 3
compares the equilibrium loading of the W and Sy
sites at two pressures (one from the high- and one
from the low-pressure solution branches, shown in
Fig. 2 as Ppign and P, respectively) calculated via
the GCMC algorithm with and without migration.
Despite the inability of the model to capture the
adsorption isotherm, it at least does not alter the
distribution of adsorbates between sites (manifested
by the identical loading distribution obtained with
and without migration in Fig. 3).

If the entropic constraint is relaxed (Case: TIC),
through simultaneous adjustment of the pre-expo-
nentials of desorption from the W and Sy sites, the
adsorption isotherm fit to the experimental data is
improved, as depicted in Fig. 2. Yet the fundamental
violation of thermodynamic consistency is apparent
when simulations of adsorption isotherms are
conducted in the presence of site-to-site migration.
The GCMC equilibrium solution obtained with only
adsorption and desorption, depicted in Fig. 3, shows
a moderate molecular loading of only the Sy sites.
By turning on site-to-site migration, the lattice
empties in a dramatic misprediction of W and Sy
loading distribution as a result of violations of
entropic consistency.
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It is standard practice in the literature to capture
experimental adsorption isotherms using a single-
site Langmuir isotherm. Such isotherms are derived
for ideal systems, where adsorbate—adsorbate inter-
actions are not considered. In Fig. 2, we show that a
good fit of the experimental isotherm is indeed
obtained using a single-site Langmuir form (Case:
Langmuir). Since the single-site Langmuir model
assumes only one type of site, and, thus, an identical
characteristic heat of adsorption for both the Sy and
W sites, it results in violation of enthalpic consis-
tency, Eq.(10), for a system where adsorption,
desorption, and diffusion take place simultaneously.
By a similar argument, the single-site Langmuir
framework also violates entropic consistency. The
effect of the fundamental violation of both con-
straints on thermodynamic consistency is shown in
Fig. 3. We observe that a non-unique loading
distribution is predicted in the presence and absence
of site-to-site migration.

Although the effects of thermodynamic consis-
tency under equilibrium conditions were evaluated
here, similar effects are conceivable in predicting
permeation properties in gradient systems or
site-specific reaction rates in reaction-diffusion
systems. Furthermore, larger discrepancies than the
Langmuir example presented here are obviously
possible.

HIERARCHICAL APPROACH TO MOLECULAR
MODEL PARAMETERIZATION

Based on the above discussion, it is clear that
thermodynamic consistency is key to successfully
parameterizing molecular models of systems with
multiple microprocesses. Furthermore, we show in
Appendix A that fitting models to limited sets of
experimental data can hinder the robustness of the
optimized model. As a result, the approach we adopt
seeks a physical set of parameters that optimizes the
model response to multiple sets of disparate
experimental data (e.g. adsorption isotherms and
PFG-NMR self-diffusivity data). For this purpose, a
joint objective function,

N n(k)
F= 10 o — /x|, D
k i
is minimized that compares the model response, x;,
to N sets of potentially disparate experimental data,
x;'P, where uncertainty in each data point and
data set is enforced through the respective weight-
ings ¢; and ®,. Here n(k) is the number of points in
data set k.
Most physical systems of interest exhibit a
plethora of local minima. It is, therefore, important
to employ techniques that have a large probability of

finding the global minimum. Genetic algorithms and
simulated annealing are two such approaches. Here
we employ the latter. Simulated annealing requires
solution of the full model at each function call of the
algorithm (e.g. as many as ~10” function calls for a
slow simulated annealing optimization). Recogni-
zing the CPU required for generation of adsorption
isotherms and convergence of self-diffusivity calcu-
lations, both on the order of approximately 1 CPU
hour, it is obvious that direct optimization of even a
single parameter of a molecular model is computa-
tionally infeasible.

Therefore, we propose a rational hierarchical
approach towards parameterization of molecular
models. One starts with MF models whose rapid
solution makes them amenable to extensive search in
parameter space via global optimization type of
techniques. Recognizing the limitations of MF
models, however, we treat the identified parameter
set simply as good initial guesses for the parameteri-
zation of the molecular models.

Yet even with a good initial guess of parameters,
the computational cost of molecular models still
deems direct global optimization infeasible. There-
fore, the final step in the hierarchical scheme used in
this work is to employ surface response techniques
for optimization of the parameters of molecular
models. In particular, given a relatively narrow
parameter space identified using the MF optimized
parameters, we turn to factorial design methods to
minimize the number of molecular simulations
required to develop an approximate model response
surface. Direct simulated annealing of this surface
results in rational training of the molecular models.
We illustrate the various steps below.

Base Parameterization of MF Models

In order to perform simulated annealing optimi-
zation of the MF model parameters, a starting
parameter set is needed. It seems only rational to at
least parameterize the diffusion model from the
work of Auerbach and co-workers [25]. These
parameters are shown in column 4 of Table I and
column 2 of Table II. In general, the zero-coverage

TABLEII Summary of energetic base and optimized parameters
in units of k] mol !

Energetic Base MF optimized MC optimized
parameter parameters parameters parameters

1. &) —60.78 - -

2. sg“ —75.25 - -

3. Jwsy = Jsyw 2.89 -1.85 —1.55[-1.63, —1.47]*
4. Jww 2.89 —10.53 —13.05 [-14.24, —11.85] *
5. Jsysy 2.89 —3.29 —295[-3.14, —2.77] *

Convention: J; <0 for repulsive interactions; [; >0 for attractive
interactions. — Denotes unoptimized base parameters. “80% confidence
interval calculated for MC optimized parameters.
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site-to-site migration activation energies were
extracted from the Germanus ef al. [24] data.
Furthermore, the heats of adsorption for benzene
on the W and Sy sites were determined from
experiment [25,34,38,39].

The parameters of most marked uncertainty are
the pre-exponentials for site-to-site migration as well
as the adsorbate—adsorbate forces. The pre-expo-
nentials were calculated for benzene in NaY via
transition state theory (TST) and reactive flux
correlations, and were adjusted for dynamical
corrections [40-42]. The difficulty in properly
locating the dividing surface in TST calculations
[42] makes these parameters uncertain.

The adsorbate—adsorbate coupling parameters, Jj;,
were assumed to be equal for all pairs of interactions
of benzene molecules located at neighboring binding
sites (i.e. W=W, Sp=W, Sy=Sy). A single value
describing these interactions as attractive was
extracted from the second virial coefficient of the
heat of adsorption [31,39]. It should be noted,
however, that the extraction of the intermolecular
coupling parameter assumes temperature indepen-
dence of the isosteric heat of adsorption. Such an
assumption may not be satisfied in light of the two
types of binding sites, with the isosteric heat of
adsorption being a loading dependent combination
of the heat of adsorption of each site. An illustration
of the uncertainty of these parameters is explored in
Appendix B. A nominal pre-exponential for desorp-
tion from the window (W) site was assumed to be
10"%s™!, based upon the standard vibrational
frequency employed in surface science studies.
Using the entropic thermodynamic constraint,
Eq. (9), the pre-exponential for desorption from the
Sy site was calculated.

The base (unoptimized) MF model response in
comparison to the experimental data is shown
in Figs. 4 and 5 (dotted lines). Significant over
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FIGURE 4 Comparison of the unoptimized (dotted lines) and
optimized (solid lines) MF adsorption response to experimental
adsorption isotherms at three temperatures.
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FIGURE 5 Arrhenius plot comparing the self-diffusivity
predicted via the unoptimized (open symbols, dotted line) and
optimized (open symbols, solid line) MF model response to the
experimental PFG-NMR self-diffusivity data (solid symbols)
employed in the optimization. Simultaneous optimization
was completed for two supercage loadings (1.8 and 2.6
molecules/supercage), each at the temperatures shown.

prediction of the saturation loading in comparison to
the experimental one is observed. Furthermore,
although the activation energy of the self-diffusivity
is captured relatively well, the unoptimized self-
diffusivity over predicts the experimental values by
more than one order of magnitude. Even more
interesting is the fact that the self-diffusivity at the
higher loadings is predicted to be greater than that at
the lower loadings. These deviations could be
attributed to the limitations of the MF model or the
model parameters. We discuss the inherent limi-
tations of lattice models and MF later. Yet, as
illustrated below and found in many examples from
our work on development of complex surface kinetic
mechanisms, such deviations are very common to
models with unoptimized parameters.

Identifying Sensitive Parameters for
Optimization of MF Models

Given the relative confidence in the activation
energies of migration and heats of adsorption at
zero-coverage, these values were fixed. Due to the
over prediction of the saturation loading with the
base adsorbate—adsorbate interaction parameters,
and their relative uncertainty, we include {J;} in
the optimization list. In order to identify which
other parameters are important to refine, brute-
force local sensitivity analysis was done. Fig. 6
identifies the model sensitivity to perturbations in
the equilibrium constants for the reversible
adsorption/desorption steps as well as migration
steps. The perturbation of the equilibrium con-
stants was small (—0.01%) in order to maintain
relative thermodynamic consistency.
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FIGURE 6 Normalized sensitivity coefficients of the self-
diffusivity, its apparent activation energy, and the adsorption
isotherm behavior to small perturbations (—0.01%) of the
equilibrium constants associated with the reversible
microprocesses of adsorption/desorption and site-to-site
migration. Only parameters with high sensitivity are selected for
optimization.

As a result of the functional form of the self-
diffusivity, the model was insensitive to the Sy=Sy
migration and relatively insensitive to the W=W
migration rate. Of the five reversible processes, the
MF model response was most sensitive to the W=Sy
migration rate, and the S;; and W desorption rates.
Therefore, we concluded that the pre-exponential
parameters to which the model was most
sensitive were, F?nig.WSn’ I‘?nigysnw, Fges,w, and Fges.Sn'
Assuming unity sticking coefficients for adsorption,
it is clear that only three of these four parameters can
be optimized according to the entropic constraint,
Eq. (9), discussed previously. The Sy desorption pre-
exponential, Fgesﬁsn, was calculated based on
thermodynamic consistency. As a result, a total of
six parameters were selected for optimization,
(anig,WSn’ F?nig‘SHW’ FSe&W’ Jww, ]WSm and ]S]ISII)'

It is important to note that the equilibrium nature
of experimental adsorption data limits the
extractable information to equilibrium constants
(i.e. relative rates) rather than absolute rate constants
for adsorption and desorption. In particular, we
assume that the sticking coefficients are unity.
Therefore, the S;; and W desorption rate constants
reported here provide insight into equilibrium
partitioning rather than absolute rates of desorption.
Such insight is invaluable in subsequent investi-
gation of non-equilibrium systems when partial
equilibrium boundary conditions are enforced.
Ideally, however, one would like to also train the
model with transient experimental data (e.g. uptake
experiments performed with zeolite pellets) to
fix the absolute magnitude of these rate constants

(i.e. extract sticking coefficients for these systems) so
that dynamics of non-equilibrium systems could be
quantitatively studied. The characteristic length and
time scales of transient experimental systems,
however, prohibit their direct molecular simulation,
and alternative multiscale approaches based on
coarse-grained Monte-Carlo [43—-45] or mesoscopic
theories [46—48], for example, must be employed for
obtaining absolute rate constants.

Deterministic Numerical Methods Employed in
Solving MF Models and Optimized MF Results

For benzene in NaX, we employ the MF adsorption
isotherms, Eq. (1), and self-diffusivity models,
Eq. (5). In general, wide bounds were placed upon
the sensitive pre-exponential parameters within the
annealing algorithm. At each optimization step,
three adsorption isotherms were generated at three
experimental temperatures using Newton’s method.
Due to the relatively large bounds placed upon the
parameters being optimized and the stochasticity of
the simulated annealing approach, regions of
parameter space were explored that severely
challenged Newton’s convergence. As a result, we
also employed the DLSODA [49,50] package to
compute pseudo-transients that lead towards steady
state to aid convergence of Newton’s method.
In other words, we employ a hybrid steady state/
transient solver to obtain solutions. Furthermore,
Newton’s method was used to identify the pressure
and the loading distribution between the W and Sy
sites corresponding to the experimental benzene
loading for the self-diffusivity data.

In light of the desire to dramatically improve the
prediction of the saturation loading from the base
case, extra weight was given to the saturation
adsorption isotherm points during optimization.
The MF optimized parameters are tabulated in
Tables I and II. The predicted MF adsorption
isotherms and self-diffusivity are depicted in
Figs. 4 and 5, respectively. Considerable improve-
ment of the model response to both sets of data was
achieved. With the optimized parameters, the model
now captures well the saturation loading and
temperature dependence of adsorption as well as
the activation energy and magnitude of the self-
diffusivity.

Surface Response Techniques for Molecular
Model Parameterization

With trained MF models, we turn now to the
parameterization of molecular simulations. It is
interesting to first calculate the MC model response
with the MF optimized parameter set to assess how
good the MF parameters are as an initial guess for
the full stochastic molecular model. Figures 7 and 8
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FIGURE 7 Benzene experimental adsorption isotherms in units
of molecules/supercage at 437K (solid circles) and 513K (solid
squares) compared to KMC isotherms employing (1) the MF
optimized parameter set (dotted lines) and (2) the parameter set
resulting from three iterative refinements of the model response
surface (solid lines, open symbols). Experimental adsorption
isotherms not employed in the optimization at 488K (solid,
upright triangles) and 673K (solid, downward triangles) are
shown for validation, where the solid line is a smooth fit of the
corresponding KMC isotherms calculated with the surface
response optimized parameter set.

show the KMC model response with the MEF
optimized parameter set for both the adsorption
isotherms (dotted lines) and self-diffusivity
(open symbols, dotted lines), respectively. The KMC
model appears relatively well behaved with the MF
optimized parameter set. In particular, the agreement
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FIGURE 8 Depiction of the PEG-NMR self-diffusivity of benzene
in NaX at two loadings (molecules/supercage): 1.8 (solid circles)
and 2.6 (solid squares) used for molecular model training, as
compared to the self-diffusivity calculated via the KMC model
parameterized with (1) the MF optimized parameter set (open
symbols, dotted lines) and (2) the optimized parameters from
three iterative surface refinements in the surface response
approach (open symbols, solid lines). The bold arrows depict the
improvement in the self-diffusivity after three surface response
iterations. The validation regime compares the PFG-NMR self-
diffusivity for a higher loading of 3.8 molecules/supercage (solid
triangles) to the trained KMC model prediction (open triangles,
solid line).

with the experimental adsorption isotherms is
striking, even in light of the underprediction of the
self-diffusivity. The MF model of self-diffusivity is
unable to capture the exact stochastic system
behavior, with deviations observed in the magnitude
of the KMC self-diffusivity and activation energies.
Next, we describe a rational approach employed for
optimization of the molecular models.

Surface response techniques [51] provide a
rational alternative to the enormous computational
cost associated with direct parameter optimization of
expensive models. In this approach a limited number
of full molecular simulations are carried out for
specific parameter combinations. The collected
model response is captured via low (i.e. second)
order polynomials, which form a multidimensional
response surface. This response surface approxi-
mates the model response over the parameter space,
and its accuracy is greatest for relatively small
parameter spaces. Rigorous simulated annealing
optimization can then be applied directly to this
surface in order to optimize the model parameters.
Since the accuracy of the surface is dependent upon
how tightly defined are the ranges for the fitted
parameters, an iterative improvement may be
required, as suggested in Ref. [52], whereby para-
meter bounds can be modified to better capture the
model response. Another benefit beyond compu-
tational speed-up is the fact that these response
surfaces allow for optimization to quite different sets
of data, by simply adding them to the objective
function (Eq. (11)) so that simultaneous fitting can be
carried out. Although a standard technique for
expensive deterministic models, its use for molecular
simulations has only recently been proposed [18].

Following definition of relatively narrow para-
meter ranges, we have employed two-level, frac-
tional factorial design techniques [51] to ascertain all
parameter combinations required to generate the
response surface. In the two-level approach we
normalize the active pre-exponentials and J;; para-
meters by the range of sampling, such that the
maximum and minimum bounds to the parameter
ranges are mapped to x = +1 and x = —1, respec-
tively. The difference in the parameter types requires
geometric normalization of pre-exponentials and
arithmetic normalization of the interaction energies.
Under full two-level factorial design we would
perform sets of molecular simulations for all
combinations (2° = 64) of the maximum and mini-
mum parameter values. As a result of the multiple
sets of experimental data fitted, each parameter
combination is associated with six molecular
simulations (i.e. two adsorption isotherms and four
self diffusivity calculations at two temperatures and
two loadings), resulting in a total of 384 molecular
simulations required for full factorial design.
Under fractional factorial design, we systematically
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eliminate [51] half of the parameter combinations
from full factorial design to further minimize the
number of molecular simulations.

Three iterative refinements of the parameter
ranges were carried out to improve the accuracy of
the response surface so as to avoid convergence of
parameters to either the maximum or minimum
parameter bound. The MC optimized parameters
and confidence intervals are presented in Tables I
and II. Figure 7 shows that the adsorption isotherms
were relatively insensitive to iterative improvements
in the response surface. The magnitude and
activation energies of the self-diffusivity, however,
did improve considerably as shown by comparing
the KMC-predicted self-diffusivity (solid lines, open
symbols) with the experimental data at loadings of
1.8 and 2.6 molecules/supercage in Fig. 8.

DISCUSSION OF OPTIMIZED PARAMETERS

In general, the magnitude of both the MF and MC
optimized parameters tabulated in Tables I and II
appears to be physically reasonable. The optimized
pre-exponentials are both within an order of
magnitude of standard frequencies expected from
surface science studies, and the adsorbate—adsorbate
interactions are of a physically realistic order of
magnitude. By comparing the optimized and base
(unoptimized) parameters, we immediately see the
benefit of MF screening for rapidly exploring
parameter space. While the MF, MC and base pre-
exponentials fall within less than an order of
magnitude of one another, more marked differences
are observed for the adsorbate—adsorbate inter-
actions. Only fractional deviations exist between the
optimized MF and MC interaction parameters. Yet
the optimized parameters suggest a distribution of
strong and weak repulsions between neighboring
benzene molecules within the NaX lattice, whereas
the base parameterization was one of equivalent
attractive forces.

A point that deserves discussion is the sign of
the interactions and their physical meaning. As
discussed previously, considerable uncertainty
exists in the strength of the reported adsorbate—
adsorbate interactions. In particular, Auerbach and
co-workers determined, using the second virial
coefficient, attractive interactions. On the other
hand, Ruthven etal. [53] concluded, using a
statistical adsorption model to the same isotherm
data, strong repulsive interactions even at low
loading. In order to understand these differences,
we have computed the second virial coefficient of
the heat of adsorption (see Appendix B). We have
observed either attractive or repulsive effective
benzene-benzene forces, depending on what
fraction of the isotherms is fitted.

10
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FIGURE 9 Sensitivity of the fitted adsorbate—adsorbate
interaction parameters to the portion of the adsorption isotherms
and data fitted for three cases: (a) fitting of only the lowpressure
portion of the adsorption isotherms, (b) fitting of the low-pressure
portion of the adsorption isotherms and the self-diffusivity data
simultaneously, and (c) fitting of only the full adsorption
isotherms. The residual, R, for each case was calculated between
the model response and experimental adsorption data over the full
range of pressures.

Our approach of extracting the interaction para-
meters differs from the conventional ones. Since the
full isotherms were employed to train the model
parameters, it is interesting to briefly investigate
whether the saturation loading drives the MF
optimization towards the effective repulsive forces.
In Fig. 9, we evaluate the sensitivity of the
parameters for several cases in which different
portions of the experimental data were used for MF
training: (a) only the low-pressure adsorption data
(i.e. neither the saturation loading nor the self-
diffusivity), (b) the low-pressure adsorption data
and the self-diffusivity data, and (c) only the full
adsorption isotherms (i.e. no self-diffusivity). We
observe that while the parameterization is blind to
the saturation loading and self-diffusivity data
(Fig. 9a), the MF optimization results in a mixture
of attractive and repulsive forces. Relative insensi-
tivity of the extracted parameters to the portion of
the adsorption isotherm used in the parameteri-
zation (i.e. exclusion or inclusion of saturation data)
is observed in comparing panels (a) and (c) of Fig. 9.
Comparable attractive and repulsive forces are also
obtained when the high-pressure (i.e. saturation)
loading data is included in the optimization. Finally,
panel (b) of Fig. 9 and the parameters extracted
through simultaneous optimization against all data
(Table II), reveal that the self-diffusivity data, rather
than the saturation loading, forces the W-W
adsorbate—adsorbate interactions to be repulsive.
Given the well-known limitations of MF models,
we have also exploited direct optimization of
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the molecular model without invoking prior MF
training (not shown). We have found that the signs in
the first iteration of the surface response are
consistent with the ones reported here. It appears
that the sign of interactions is not a result of the MF
model but most probably a consequence of the lattice
model.

The physical significance of the effective repulsive
forces is unclear. Such effective repulsive forces could
conceivably result from confinement effects within
the zeolite, where the interactions, unlike those in the
bulk gas phase, are complex functions of direct
adsorbate—adsorbate and indirect lattice-mediated
interactions. Perhaps more probable is the notion
that such effective repulsive forces arise as a result of
the rigid lattice framework. Work within the
literature [54-59] has tracked the details of lattice
vibrations as well as the propensity for cation (i.e.
binding site) migration with changes in system
temperature, adsorbate loadings and pressure. These
dynamic processes stand to alter the PES for a
molecule adsorbed or migrating within a zeolitic
pore or supercage, leading to potential migration,
creation, or annihilation of binding sites. The rigid
lattice model cannot explicitly capture such lattice
flexibility and cation migration, yet it is conceivable
that the repulsive forces serve to capture this effect.
The trained lattice model is able to quantitatively
track, but in an effective manner, the experimental
adsorption and self-diffusivity data over a range of
adsorbate loadings and system temperatures.

VALIDATION OF MODEL
PARAMETERIZATION

It is desirable to evaluate the validity of the trained
molecular models—for example, by simulating sets
of experimental data not used in the optimization
procedure. For the adsorption isotherms, we perform
two additional simulations. The first simulation with
the trained molecular model is conducted for a
temperature of 488 K. This is, perhaps, the easiest test
for the model, as the optimization was done against
experimental isotherms that bounded this isotherm
(i.e. T=437 and 513K). The resulting isotherm
predicted by the trained molecular model is shown
as the solid line passing through or near the
experimental data (solid upright triangles) in Fig. 7.
In addition, extrapolation to high temperatures
serves as a more stringent test for the validity of
the parameterization. To this end, we employ the
trained molecular model to calculate the adsorption
isotherm at 673K and compare to the high-
temperature data of Papaioannou et al., [60]. Excel-
lent agreement between the model prediction (solid
line) and low-pressure experimental data (solid,
inverted triangles) is observed in Fig. 7.

Finally, we perform self-diffusivity calculations for
a relatively high loading of 3.8 molecules/supercage
and over a relatively wide temperature range (i.e.
312-455K). The resulting excellent agreement of
both the activation energy and magnitude of the self-
diffusivity (solid line, open triangles) in comparison
to the experimental data (solid triangles) is depicted
in the validation portion of Fig. 8.

CONCLUSIONS

Motivated by the exorbitant computational cost of
directly optimizing molecular models to experimen-
tal data, we have presented a hierarchical framework
towards rational parameterization of molecular
models. This framework employs mean field (MF)
models to identify sensitive parameters that are
rapidly optimized using global optimization-based
techniques. This MF optimum parameter set is
subsequently used as an initial guess for molecular
models, and surface response techniques are
employed to minimize the number of computations
required to generate a model response surface. Direct
simulated annealing optimization of this surface to
multiple, disparate sets of experimental data (e.g.
adsorption isotherm and PFG-NMR self-diffusivity
data) is possible, and results in efficient training of
the molecular models.

We have illustrated the power of this approach to
rationally parameterize a molecular lattice model of
benzene in NaX zeolite. Guided by both entropic and
enthalpic constraints, we have developed a thermo-
dynamically consistent molecular model, capable of
capturing the behavior of the real system even when
extrapolating beyond the optimization space despite
the recognized limitations of lattice models. Exciting
possibilities now exist to employ this equilibrium-
trained molecular model for gradient calculations
where, for example, a consistent parameterization of
adsorption, desorption, and diffusion is essential for
predicting permeation properties of thin, oriented
microporous membranes. Rigorous studies of such
membrane systems without the limiting assumption
of partial equilibrium at the boundaries, however,
demand a level of detail beyond the equilibrium
constants extracted in this work. In particular,
absolute rates of adsorption and desorption must
be determined, potentially by a hierarchical
approach employing techniques such as coarse-
grained Monte-Carlo [43—-45] or mesoscopic theories
[46-48] to extract information from larger length and
time scale transient experimental studies (e.g.
uptake) that are inaccessible to microscopic Monte-
Carlo techniques. Such studies of permeation
through realistic membranes will be discussed in a
forthcoming publication.
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Admittedly, the physical significance of some of
the extracted parameters (i.e. effective repulsive
adsorbate—adsorbate forces) is not transparent at
the level of coarse-graining involved in lattice
models. An explanation of the detailed phenomenon
that they capture can and has been conjectured, but
models that describe lattice flexibility and binding
site migration would be required for direct evidence
of the role of lattice dynamics. Along these lines,
although we have focused on the illustration of the
hierarchical approach and derivation of enthalpic
and entropic constraints on a molecular lattice
model, it is important to emphasize the broad
applicability of this rational approach to all
molecular models, including molecular dynamics
and atomistic Monte-Carlo simulations. In such
instances where MF models do not exist or are not
very accurate, the surface response techniques could
be applied for direct parameterization of the
molecular models to disparate sets of experimental
data. The persistent computational savings, albeit
less than those with initial MF screening, and
rational parameterization to multiple sets of data,
emphasize the power of this technique for develop-
ment of robust molecular and multiscale models.
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APPENDIX A: AN EXAMPLE OF FITTING TO
A SINGLE SET OF EXPERIMENTAL DATA

It is interesting to consider the possible error
incurred where only one type of data is used to
train the models rather than simultaneously fitting
multiple sets of data. The effect of fitting a model to
only the adsorption isotherms, and subsequently
attempting to predict the self-diffusivity data, is
shown in Figs. 10 and 11. In particular, we employ
the same optimization procedure described above
against adsorption isotherm data, and fit both
pre-exponentials for desorption. Subsequently, the
ratio of the migration pre-exponentials (i.e. the
equilibrium constant) is corrected to satisfy
the entropic constraint. While the resulting fit to
the adsorption isotherms is excellent, the prediction
of the self-diffusivity is poor regarding both
activation energies and magnitudes of the self-
diffusivity, especially at lower temperatures. This
underscores the need for simultaneous fitting of
multiple sets of experimental data describing the
underlying microprocesses.
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FIGURE 10 MF fitted adsorption isotherms (solid lines) obtained
from fitting of the lattice model to the experimental adsorption
behavior at 437K (solid circles) and 513K (solid squares).
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FIGURE 11 Arrhenius plot comparing the MF self-diffusivity
(open symbols, dotted lines) predicted from MF fitting of only the
experimental adsorption isotherms (Fig. 10) to the temperature-
dependent experimental PFG-NMR self-diffusivity data (solid
symbols and lines) at two supercage loadings.

APPENDIX B: INHERENT UNCERTAINTY IN
THE EFFECTIVE ADSORBATE-ADSORBATE
FORCES

A wide range of models has been employed within
the literature to describe the adsorption of molecules
within microporous materials ranging from virial
coefficient approaches [38,39,61,62] to statistical
models [53]. The base parameterization [25] of the
lattice model employed in this study used attractive
adsorbate—adsorbate forces derived from the second
virial coefficient of the heat of adsorption, while
the optimized lattice model suggests repulsive
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adsorbate—adsorbate forces. To explore this differ-
ence, it is insightful to understand the uncertainty
associated with the extraction of the second virial
coefficient from the experimental adsorption data.
Kiselev [61] has presented a methodology for
extraction of heats of adsorption and adsorbate—
adsorbate intermolecular forces based upon the
virial equation approach. The methodology requires
fitting an exponential form of the virial equation,
known as the Wilkins equation, to experimental
adsorption isotherms over a range of temperatures

p=aexp(> Ca'"']. (12)
i=1

Here p is the pressure, a is the loading, and C;, are
constants. In Ref. [61] it is suggested that Eq. (12) is
capable of capturing the loading behavior to up to
75% of the saturation loading. Assuming tempera-
ture independent heat of adsorption (Q;) and second
virial coefficient (Q,), the system properties can be
linearly related to the constants (C;) as

Cj = Bi - QI/RT

Note that the temperature insensitivity is a
potentially poor assumption for the benzene-NaX
system where temperature dependent partitioning
conceivably occurs between the two types of
binding sites.

The propagation of error in first extracting C; from
isotherms over a range of temperatures and then
employing them to extract Q; is evidenced in Fig. 12.

3.0 :

D 2 parameter
257 H: para.f'mctcr
2071 R:O.flé

0.5 |

023§ 27

0.50 0.55 0.60 0.65 0.70
Fraction of saturation

FIGURE 12 Second virial coefficients extracted from the
experimental adsorption isotherms by fitting fractions of the
isotherms indicated, with two (clear bars) and three parameters
(solid bars) showing both attractive (B, <0) and repulsive
(By, > 0) forces. The residuals, R, are a measure of the fit of the
model to the experimental adsorption isotherms over the full
range of pressures.

Here we employ two and three constants in
the Wilkins expression for extracting the second
virial coefficient from different pressure ranges of the
experimental adsorption isotherms. In contrast to the
relative invariance of the heat of adsorption (not
shown), the extracted second virial coefficient varies
considerably with the fitting technique and pressure
range. As reflected by the approximate order of
magnitude difference in the respective residuals, R,
a three parameters model fits better than the two-
parameter one. However, for comparable residuals,
the extracted adsorbate—adsorbate forces can be
attractive (By, < 0) or repulsive (By; > 0) with a wide
range of absolute strengths depending on the
pressure range of the adsorption isotherm
employed in the fitting. This dependence of the
adorbate—adsorbate interactions upon the fitting
underscores the inherent uncertainty in the base
intermolecular forces and motivates the alternative
approach to model parameterization discussed in
this paper.
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